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1. Introduction 

In a previous article (S inn  1980) the author  studied the role of 
capital income taxat ion in a perfect-foresight general equilibrium 
model of economic growth,  in which the behaviour of households 
and firms is derived f rom intertemporal  optimization 1. Generating 
the neoclassical opt imal-growth path  in the case of laissez faire, 
the model demonstrates the distortions caused by the introduct ion 
of a capital income tax with lump-sum redistribution: the current 
level of consumption rises at the expense of the steady state level s . 

* The paper was written in association with the Sonderforschungs- 
bereich 5 (Staatliche Allokationspolitik im marktwirtschaftlichen System). 

x The paper was presented at the 1979 annual meeting of the German 
economic association and, in addition to capital income taxation, covers 
a range of further taxes. An English version, prepared for a seminar at the 
University of Western Ontario in spring 1979, and a German discussion 
paper including existence proofs (Mannheim, October 1979, No. 132-79) 
are available from the author on request. 

2 There are several articles that address the problem of capital income 
taxation in the context of a decentralized model of economic growth, but 
in none of these is household behaviour derived from preferences com- 
patible with those assumed in the optimal-growth literature. Since this 
aspect implies that the market allocation is inferior to the neoclassical 
optimal growth path even in the absence of taxation, the analyses given in 
these articles are of limited use for a welfare evaluation of the distortions 
introducted through taxation. See K r z y z a n i a k  (1966), Sato (1967), 
D i a m o n d  (1970), Fe lds te in  (1974a and b) and A t k i n s o n / S a n d m o  
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The income tax considered was however of a very idealized 
form. No divergence between economic and tax depreciation was 
allowed. This paper considers the more general case where depre- 
ciation allowances may be incomplete. 

There is a large number of careful investigations into the eco- 
nomic consequences of incomplete depreciation allowances. (See, 
e.g. ,  B o a d w a y / B r u c e  1979; F e l d s t e i n / G r e e n / S h e s h i n s k y  
1978; H a l l / J o r g e n s o n  1971; King  1974; S a m u e l s o n  1964; 
S a n d m o  1974; Smi th  1963; St ig l i t z  1976). But it seems that no 
attempt has been made to find out what the resulting distortions 
in the growth path of the economy are, let alone any attempt to 
address this problem in the context of a full intertemporal equi- 
librium framework. This lack is the stimulus for the present paper. 

2. Individual Optimization under the Influence of Taxation 

Consider first the firm sector. The representative firm produces 
one commodity which it can either sell to the household sector for 
consumption or use for investment in its own capital stock K. The 
firm's net output is f (K, L) -c~K, where f is a well-behaved linear 
homogeneous production function, ~ is the economic depreciation 
rate and L is a labour input which is measured in efficiency units 
so as to allow for the possibility of labour augmenting technological 
progress. In finding its optimal production plan the firm has to 
take into account that government taxes all kinds of capital income 
at the rate ~:, 0_<z<l ,  and allows the share ~, 0_<~<1, of the eco- 
nomic depreciation to be deducted 3. Accordingly, with the wage 
rate per efficient worker w and the planned levels of consumption 

(1980). Partial exceptions are Arrow/Kurz (1970) and Schenone (1975). 
Arrow and Kurz address the problem of controllability of a market eco- 
nomy through a capital income tax, but they do not derive the allocation 
path in the presence of such a tax. Schenone studies an (ideal) capital 
income tax in a two-sector growth model and is able to demonstrate that 
this tax might induce distortions away from the optimal neoclassical growth 
path. Like Arrow and Kurz, however, Schenone does not explicitly 
depict a decentralized economy where private behaviour is derived from 
intertemporal optimization. Instead it is assumed that the market behaves 
as if it were steered by a central planner who maximizes welfare under 
some restrictions about marginal conditions. 

3 This is the simple form of imperfect depreciation allowances used, 
e. g., by Sandmo (1974). A more sophisticated form of imperfection would 
be to introduce an accounting capital stock in addition to the physical 
capital stock. For the purpose of this paper this complication is avoided. 
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supply C ' and labour demand L a, the firm calculates its after-tax 
cash flow as R = C S - w L a - r  [[ (K, L a)-"cSK-wLa].  Taking the 
time paths of the market rate of interest {r} and the wage rate {w} 
as given, it chooses the paths {C 8} and {L a} such that  its market 
value is maximized4: 

t 

max J (0) = ~ e x p  [ - S  r (s) (1 -3)  ds] R (t) dt 
{Cs, La} 0 0 

s. t. [(=[ (K, L a) - ~ K - C s  

(1) 

and K(0)=K0,  La>_O, K > 0  s. From the Hamiltonian H F = e x p  
t 

[ - S  r (s) (l - r) ds] [R+2F/(]  one can easily derive two important  
0 

necessary conditions for an interior optimum: 

and 

w = f L ,  (2) 

r = (fK --C}) --C5 (1 --00. (3) 

Eq. (3) reflects the result achieved by S a m u e l s o n  (1964) and 
S a n d m o  (1974) that,  given the market rate of interest, capital in- 
come taxation does not  distort the firm's investment decision if, 
and only if, economic depreciation is fully tax-deductible. 

Next,  consider the household sector. The representative house- 
hold plans not  only for its current members, but also for its pos- 
sibly'increasing number of descendants 6. At a point in time the hum- 

4 The formulation is equivalent to the case of debt financing with full 
tax deductibility of interest payments if J is defined as the firm's market value 
including the value of debt. Since there is a uniform tax rate on all kinds of 
capital income the firm is indifferent between debt and equity financing 
just as in the absence of taxes. Let A = outstanding debt. Then, adding 
A - r  (1-~c) A to the expression for R and taking A as an additional con- 
trol and A as an additional state variable, one can easily show that the 
marginal conditions (2) and (3) still have to hold. 

5 We do not assume C s > 0 since the representative firm might plan to 
buy goods in the market for its own investment. However, since in market 
equilibrium C ~ > 0, this aspect is irrelevant for our results. 

We assume that the household plans for an infinite time period. 
Because of Bellman's  principle of optimality it is always possible to for- 
mulate an equivalent planning problem with a finite horizon by appro- 
priately choosing the evaluation function for the terminal state variable(s). 
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ber of heads is N, N >0, and, since a single person offers a quan- 
tity of efficient labour E, E > 0, the total supply of efficient labour 
is L s =NE.  It is assumed that this supply does not depend on the 

wage rate and that N / N  = n = const. >_ 0 and E/E--  e = const. _> 0. 
The state variable in the household's decision problem is the level 
of wealth X. In principle wealth consists of four parts. (1) Some 
share of the representative firm's market value. (2) The present 
value of lump-sum transfers it receives from the government which, 
because of the government budget constraint, equals the present 
value of the tax revenue. (3) The present value of its labour income 
stream. (4) The net claim against other households. Of course, in 
market equilibrium the representative household must plan to own 
all shares of the representative firm and to have a zero net claim 
against others. Nevertheless it is assumed that it believes it could 
sell its shares, borrow against the income from items (2) and (3), 
and save as much as it wants. Since the household takes the price 
paths {r} and {w} as given, as well as the corresponding policy of 
the representative firm, it can manipulate its wealth path only through 
its saving-consumption decision. In the absence of consumption, 
wealth increases according to the after-tax interest income it gen- 
erates: X = r ( 1 - r )  X. With consumption the increase is correspond- 
ingly less. The household's preferences are modeled in line with the 
island argument of A r r o w / K u r z  (1970, p. 13 f.). The preference 
functional is the integral of felicity weighted with a discount factor 
exp ( - 0 t ) ,  e >0, and the number of heads, where felicity is a rising 
and strictly concave function of per capita consumption. Thus the 
problem to be solved is: 

oo 

max [. e -Qe N (t) U [C a ( t) /N (t)] dt 
{ca} o 

(4) 

s . t .  X = r ( 1 - r )  X - C  a 

and X (0) = X0, C a > 0, X > 0. The Hamiltonian of this problem is 
H~z = exp ( - ~ t) [N U (Ca/N) + ;tU X]. Assuming an isoelastic margin- 
al felicity function where 7 = - ( C a / N ) U " / U ' = c o n s t .  >0 one can 
easily show that this Hamiltonian gives 

t~ a r(1-r)-O 
ca = n + r~ (5) 

as a necessary condition for an optimal consumption path. 
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3. The Intertemporal Market Equilibrium 

In a market equilibrium the price paths {r} and {w} are chosen 
such that C a = C s--- C and L a = L s =- L for all points in timeL In 
order to study the nature of equilibrium it is useful to redefine con- 
sumption, capital and output  as quantities per efficiency unit of 
labour: 

c = C / L ,  I~=-KIL, q) (k~)=[ (k~, 1)=[  (K, L) IL .  (6) 

Because of ~ / c = C / C - f J L ,  L / L = n + e ,  and fK=~' we obtain from 
(3) and (5): 

C = ~- [(~' -,~) (1-3) -,~T(1 -~) -Q-~e].  (7) 

Moreover, dividing the firm's equation of motion from (1) by L 
and noting that I ( /L  = k~I(/K =/~ (]~/k~ + n + e) we have 

~=~ (/~)-(~+n+~) ~ - c .  (8) 

The differential eqs. (7) and (8) reflect some of the necessary 
conditions for a market equilibrium and define a set of paths in a 

e branch 

....... _~~-~,(x~) - {r n+ c)k 

.~ k* k 

Fig. 1. The intertemporal market equilibrium 

(c,/~) plane, the slopes of which are dcldl~ = D/~. This is shown in 
Fig. 1. This figure is well known from central planning growth 
models and hence does not need elaborate explanation s . 

7 By Walras'  law the capital market is then also in equilibrium. 
s Cf., e. g., In t r i l iga tor  (1971, ch. 16). 
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Among the possible paths there is a positively sloped stable 
branch leading eventually to the steady state equilibrium (c ~, ~| 
defined such that 

[q~' ( s  ( 1 - 3 ) - ( ~  (1-~)  = ~ +r]s, (9) 

c ~ = ~ ( ~ ) - ( ~  + n + e ) / ~ .  (10) 

In the appendix it is shown that only this stable branch is com- 
patible with further conditions that have to hold in an intertemporal 
market equilibrium. Moreover it is shown that the stable branch 
is consistent with individual optimization if, and only if, the steady 
state rate of time preference exceeds the natural rate of growthg: 

+ ~7 e > n + e. Since (9) gives ~' - (5 _ 0 + ~7 e, this inequality implies 
that ~ ' - 8 - n - e  > 0 and hence the steady state solution point must 
be to the left of the maximum of the /~=0  curve in Fig. 1. 

4. The Role of the Tax Law 

To understand the nature of market equilibrium consider first 
the case 3=0. Here Eqs. (7)--(10) give the same stable branch as 
the central planning model by A r r o w  and Kurz  (1970, pp. 64--73). 
In particular, (9) reduces to the golden utility rule in the presence 
of labour augmenting technological progress (e): 

~0' (/~) - 8  = e +~7 ~. (11) 

Hence, laissez faire brings about the same allocation as that which 
a central planner would choose if he tried to maximize the repre- 
sentative household's utility. 

When the laissez-faire allocation is taken as a benchmark, Eqs. 
(7)--(10) indicate significant welfare losses if a capital income tax 
with possibly incomplete depreciation allowances is introduced. An 
overview of the distortions in the economy's growth path is given 
in Table 1. 

The reason for the two zeros in the first row of Table 1 is that 
/~ is a state variable that can only change continuously over time. 
The information in the first two fields of the second row is gained 
from implicit differentiation of (9). The remaining fields of that 

9 The condition equals the optimum condition in the central planning 
model. Cf. Arrow/Kurz (1970, pp. 70--72). While this is not surprising 
it is also not trivial, since we are considering a decentralized model and 
distorting taxation. 
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row reflect (10). A quantitative assessment of the reaction coeffi- 
cients for the last two fields in the first row is a difficult task, but 
qualitative information on their signs can easily be given by inspec- 
tion of Fig. 1 and Eqs. (7) and (8). Consider an increase in x or, 
alternatively, a decrease in 0~. From dl~~ and dl~/do~>O we 
know that such parametric changes reduce/~| say f r o m / ~  t o / ~ .  

Table 1. Immediate and Steady State Reactions of Capital and 
Consumption to a Change in the Tax Law '" 

Reaction coefficients 
Time 
perspective dk 

dz 
dk 
d~ 

dc 
d~ 

dc 
d~ 

Short run 0 0 > 0 < 0 

>0 (I-~)~" ~v'-~6 <0 
(l-v) ~0- 

[9'- (,~+~+e)] 
.dk/dz<o Steady state [9'- (O+n+e)] 

.dkld~>O 

* For the indicated signs of the coefficients it is assumed that r>0. 

From the general properties of the solution it is clear that the stable 
branch shifts up in the r a n g e / ~  <g  <g~o, but it is not obvious how 
its position changes elsewhere. Suppose it does not shift up for all 
levels of /~ below /~Z- Then there must exist at least one /~<k~, 
where the new stable branch coincides with the old one and has a 

slope b/i, that is equal to or greater than that of the old one. Since 
~ > 0  for /~</~Z, this requires dk/d3>_O or d~/d,<O, respectively. 
Eq. (7), however, shows that these conditions are not satisfied. 
Suppose, alternatively, the stable branch does not shift up for all 
/~ a b o v e / ~ .  Then it is necessary that there be some value/~ > k~ 
where the new stable branch coincides with the old one and has 
a slope equal to or smaller than that of the old one. Since ~ < 0 in 
the case at hand, this again requires d~/d3 > 0 and dk/do~ < O. Hence 
the information on the reaction parameters given in Table 1 can be 
established throughout the whole range ~ > 0. 

Another interesting aspect of the equilibrium growth path entails 
the reaction of interest rates to a change in tax parameters in- 
corporated in Eqs. (3), (5) (implicitly) and (9). The general rule is 

z<_r<qJ-~, r - z = 3 r ,  q ) ' - ~ - r = ~  (1-~)  31(1-3) (12) 

where z - ~ / ( C / C - n ) + ~  is the rate of time preference. (12) shows 
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how the rate of time preference, the market rate of interest and the 
marginal productivity of capital are related to one another and indi- 
cates that tax laws are able to drive wedges between them. By 
straightforward calculations it is possible to derive from (12) the 
reaction coefficients given in Table 2, if we take into account the 

Table 2. I m m e d i a t e  a n d  S t e a d y  S t a t e  R e a c t i o n s  of I n t e r e s t  R a t e s  
to  a C h a n g e  in  t h e  T a x  Law* 

Time 
per- 
s.pec- 
rive 

Short 
I'U___~_~ 

Steady I 
state ] 

Reaction coefficients 

d (9'-~) d(9'-d) 
d~ 

z+~(1-~) <0 
(1-~)~ 

0 

dr 
dr 

_~(1-ce)<O 
(l-x)~-- 

r >0  
1--T 

dr 

z+r(1--**) >0 
( l - z )  2 

d~ 

&>O 

dr 
-d~ 

1--~-r >0  

0 

* For the indicated signs of the coefficients it is assumed that z > 0. 

d~ 

<0 

fact that in the short run ~0'-8 is fixed by the historically given 
capital stock, while in the long run z is fixed at the level ~ +~e 
[cf. (9)]. 

5. Conclusions 

The results indicated in Table 1 show that incomplete deprecia- 
tion allowances reinforce the distortions in the equilibrium growth 
path brought about by an ideal capital income tax. A reduction in 
the deductible share of economic depreciation, like an increase in 
the tax rate, raises the current level of consumption, but reduces 
the steady state levels of consumption and capital per efficiency 
unit of labour. 

The reason for these distortions is that the tax law is able to 
drive wedges both between the rate of time preference and the 
market rate of interest, and between the latter and the marginal 
productivity of capital. The first wedge is created through capital 
income taxation as such and its size is directly related to the tax 
rate. The second wedge is created by the incomplete deductibility 
of depreciation. Its size is directly related to the tax rate and in- 
versely to the deductible share of depreciation. For the distortion 
in the growth path of the economy it is the sum of the two wedges 
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that counts. Therefore it is plausible that incomplete depreciation 
allowances reinforce the effects of capital income taxation. 

Knowing the determinants of the two wedges one can easily 
derive the influence of a tax reform on the marginal productivity 
of capital, the market rate of interest and the rate of time preference 
(cf. Table 2). In the short run, the system of these three interest 
rates is anchored by the marginal productivity of capital, and hence 
any measure that widens a wedge is translated into a reduction in 
the rate or those rates below the wedge. In the long run the system 
is anchored by the rate of time preference and an increase in the 
width of a wedge is translated into an increase in those rates or 
that rate above this wedge. 

Appendix 

The appendix sketches the proof 1. that only the stable branch 
may be a market equilibrium and 2. that on the stable branch the 
two representative agents have optimized their plans if, and only if, 
Q+~e > n + e .  For the proof we need the transversality conditions 
of the representative agents. Since K/K = ]~//r + (n + e) and 2F -- 1 V t, 

t 

the firm's transversality condition is lim {exp [ - 5 (r (s) (1 - 3) - n - e) 
t -+o0  0 

ds] k (t)} = 0. Provided that 0 < lira ~ (t) < oo, by continuity the con- 
t--~ o0 

dition is satisfied if, and only if, 

lira r (s) ( l - z )  >n+e. (A 1) 
$--~ CO 

The household's transversality condition is 

lira {exp (-Qt)  U' [E (t) c (t)] X (t)}=0. 
t--> o0 

Provided that 0 < lira c (t) < oo it can also be written as 
t--~ o0 

lim {exp [ - t  (0+z/e)] X (t)} = 0  (A 2) 
t--~ o0 

since the assumption of isoelasfic marginal utility implies 

U' [E(t) c(t)] =E-~(t) U' [c(t)]--E-~(0) exp (-te*/) U' [c(t)] 

where E-~ (0) >0. 

2 0  Z e i t s c h r .  f.  N a t i o n a l 6 k o n o m i e ,  41 .  Bd . ,  H e f t  3 -4  
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1. Paths other than the Stable Branch 

1.1. Paths above the stable branch imply that there is some u < 0  
such that after a finite period of time ~ = ~0 (~) - (~ + n + e)/c - c < u. 
Hence/c = 0 in finite time and the paths become infeasible. 

1.2. Paths below the stable branch approach the ordinate at 
~=/c*>0 in Fig. 1, where ~0'(~)-(c~+n+e)<0. Because of (3) and 
ft:=~o ' the latter inequality is equivalent to r ( 1 - ~ ) + c ~  ( 1 - ~ ) -  
(n+e) (1-T) <0. This clearly violates (A 1). 

2. The Stable Branch 

2.1. On the stable branch lim ~ (t)=/~oo >0 and, from (3) and (9), 
t-~oo 

lim r ( t ) ( 1 - ~ ) = ~ + e F .  Hence the firm's transversality condition 
t--+ oo 

(A1) is satisfied if, and only if, ~ +eF > n +e. 

2.2. According to the definition of the household's wealth given in 
the body of the paper, in market equilibrium wealth is the present 

co t* 

value of the representative firm's gross revenue: X (t) = S exp [ - S 
t t 

r (s) (1-~)  ds] C (t*) d t * = N  (0) E (0) exp [t (n+e)] b (t) where 
cO t* 

b ( t ) -S  exp [ - S  (r (s) ( 1 - ~ ) - n - e )  ds] c (t*) dt*. Dropping the 
t t 

constants N (0) and E (0) one can therefore write the transversality 
condition (A 2) as lira a (t) b (t) with a (t) - e x p  [ - t  (e+~-n-e)].  

t--~ cO 

Since (10) implies lira c ( t* )=c  ~176 and since (3) and (9) give 
t*--~ o0 oo 

lira r (s) (1-~)=~o+eF, we find lim b (t)= lira S exp [ - ( t * - t )  
$--> oo t--+ o0 t - * ~  t 

( ~ + e ~ - n - e ) ]  c ~ d t * = c ~ / ( ~ + ~ e - n - e ) < o o  if, and only if, 
+~e > n +e. Now, obviously, the same condition ensures lira a (t) =0. 

Hence (A2) is satisfied if, and only if, ~ + ~ e > ~ + e .  
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